It is easy to state what the common refinement is. To simplify our notation, we agree that we use the "internal" definition of free K-product, that is, the free K-factors are considered as sublattices of the free K-products. To further simplify our notation, let us agree that if L is a lattice and (A t \i £ /) is a family of subsets of L where each A t is either a sublattice or the empty set, then we say that L is a free K-product of (A t \i £ /) if and only if L is a free K-product of (A t \i £ / and Ai ^ 0). THEOREM 1'. Let L be a free K-product of (A t \i £ I) and of (Bj\j £ J). Then L is a free K-product of (A f P\ B 3 \i Ç /, j Ç J) and, for i £ I, A t is a free K-product of (A t r\ Bj\j 6 J), and, for j £ J, Bj is a free K-product of (Air\Bj\i £ /).
Theorem V has many important consequences.
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If L is a free K-product of A and B, and also of A and C, then B = C.
Corollary 1 is the Cancellation Property for Free Products. Observe that in Corollary 1 we assumed that A, B, and C are sublattices of L and we concluded the unexpectedly strong B = C. It is natural to ask whether the isomorphism of the free K-products would imply B isomorphic to C? To state it more precisely, let L i} i = 1, 2, be the free K-products of A t and B t ; does L\ ^ L 2 and Ai = A 2 imply that B\ = B 2 Another way of stating Theorem 2 is that the Common Refinement Property does not apply to infinitely many decompositions.
The proof of Theorem V is especially simple if the equational class K satisfies the following property:
(J) If L is a free K-product of the (L t \i Ç /), A * is a sublattice of L t for i G /, and A is the sublattice of L generated by U {A t \i Ç /), then A is a free K-product of {A t \i £ I).
Observe that Theorem V is a special case of (J); it requires (J) to hold provided that A is a free K-factor.
(J) was proved by B. Jonsson [5] for any equational class K having the Amalgamation Property. One can ask whether (J) holds for all equational classes. The following result shows that it is not the case; in fact, it provides 2 K o equational classes failing (J). Recall that an equational class is arguesian (see [4] ) if it satisfies a special identity in six variables which reflect the Desargues Theorem for the lattice of all sublattices of a projective space. [6] in which it is proved that if K is an equational class of modular lattices with the property that every subdirectly irreducible member of K has dimension at most n for some fixed integer w, the K fails (J).
3. Proof of Theorem 1. Let L be a free K-product of (A t \i £ /). We assume that the A t are sublattices of L. We denote by L° the lattice obtained from L by adjoining a new zero, denoted by 0. Observe that if L Ç K, then so is L°. So for every i f I we can consider the homomorphisms ip t determined by
For a G L we will use the notation: Now let L be also the free K-product of (Bj\j G /). Take a G A t . We claim that a Bj 6 (^n^.)U(O). 
Observe, however, that for any r ^ 1 and 1 ^ t ^ n r , no a i is 0, and therefore A < is generated by U (^4 * C\ Bj\j G /). If K satisfies property (J) then we are done: A < is a free K-product of (i4<ns,|je /).
In the general case, we form the lattice L, a free K-product of (A t C\ Bj\i G /, j G J) and take the natural homomorphism a : L -> L that is the identity map on each A t r\ Bj (i G / and j G /). We wish to show that a is an isomorphism. Since a is obviously onto, it is sufficient to show that a is one-to-one. It is easily seen that it is sufficient to verify this on the sublattice of L generated by U {A { H Bj\j G J) (because this implies that A x is a free K-product of (A t H Bj\j €_/)).
First, some notation. Let A t be the sublattice of L generated by U (A i C\ Bj\j G J) ; let a t be the restriction of a to A t \ aiiTi-tAi is again an onto homomorphism, and let 9 and 0* be the kernels of a and a t respectively. Note that 0* = 0 H (X*) 2 for i G J.
C/aim 1. 0 is the smallest congruence relation of L containing all the 0 f , i G /.
Proof. 0 is a congruence relation containing all 0*, i G /, hence if <ï > is the smallest one with this property, then $ fg 0. Factor a through L/$; a = (3y, where /3 is the natural homomorphism from L onto Z/$. Then (A^fi = A t and so 7 is an isomorphism from (At)ft onto A t . It is routine to check that Z/$ satisfies all the properties of a free K-product of the (A t \i G /) and so 7 is an isomorphism and 0 = <ï >, as claimed. Proof. Since ^4 * is generated by U (A t P\ 5 ; | j G J) we can write a in the form a = p(a u . . . , a n , b u . . . , 6 OT ), where ai, . . . , a n G A t H i^ and fri, . . . , b m G U (-4 t H £*|& G J, k ^ 7). Then «A< n^i = P(«i> . . . , a n , 0, . . . , 0). Applying a to the representation of a, we obtain aa = p(a u . . . , a n , &i, . . . , 6 m ) since a: is the identity map on U (A t P\ B n \i £ I, n £ J). Therefore, Before we proceed to Corollary 2 we need a lemma: LEMMA 2. A finitely generated lattice L in K is a free K-product of finitely many freely K-indecomposable lattices.\ Proof. Let L be w-generated. We prove Lemma 2 by induction on n. If n = 1, then \L\ = 1 and so L is K-indecomposable. Let us assume the statement proved for lattices with less than n generators. If L is K-indecomposable, we have nothing to prove. So let L be a free K-product of A and B. Let ai, . . . , a n be a generating set of L. Take a £ A and b £ B; then a = £(ai, . . . , a n ), 6 = q(a u . . . , a re ), for suitable polynomials p and g. Hence « = £((ÛI)A, • • • , 0")A), 6A = 0 = g((ai) A , . . . , (a n ) A ).
fA sharper result follows from the main result of G. Gràtzer and J. Sichler, Proc. Amer. Math. Soc. 1+6 (1974), 9-14, namely that an w-generated lattice is a free i£-product of at most n lattices.
From the first equation we conclude that A is generated by (ai) A , . . . , (a n ) A , and from the second we see that so is {0}, and therefore {a t ) A = 0 for some 1 ^ i ^ n. Therefore, A is (n -1 )-generated. Similarly, B is (n -1)-generated, and by induction hypothesis, A and B are free K-products of freely K-indecomposable lattices. And, therefore, so is L. Now Corollary 2 is trivial. By Lemma 2 we write A as a free K-product of freely K-indecomposable lattices and the free K-factors can be cancelled oneby-one by Corollary 3.
Corollaries 5 and 6 require no proof.
Proof of Theorem 2. Let
A be a lattice in K. We define a partial lattice P(A) as follows: Let G(-4) denote the lattice freely generated by P(A) in K.
Claim 1. G (A) contains P{A).
Proof. For an integer n, let P»C4) = -4 U {a 0 , . . . , a n _i, 6o, • • • , &»-i} be the partial sublattice of P(A ). It is sufficient to show that for any integer n } P n {A) can be isomorphically represented in a lattice in K. Let L n be the free K-product of A and F K (n + 1), the latter freely generated by Xo, . . . , X n . We view A and Since K is not arguesian and the arguesian identity has six variables, F K (&) is not arguesian; let xi, . . . , Xe be the free generators of F K (6). Now let L be the free i£-product of M 5 and F K (6). Let A = {o, a, b, i) be a four-element sublattice of M 5 . Since (J) is assumed to hold in K, the sublattice L\ of L generated by A and F K (6) is the free K-product of A and ^K(6)-But A is F K (2) , and so Li is the free lattice over K on the generators a, b y xi, . . . , XQ. Now let L 2 be the sublattice of L\ generated by the elements y t = (a A x t ) V o, i = 1, 2, . . . , 6. We claim that L 2 ^ F K (6) with y u . . . , y 6 as the free generators. Indeed, consider the homomorphism of L\ onto This homomorphism maps y i -> x^, i -1, 2, . . . , 6, and so L 2 onto F K (6); therefore L 2 ^ F K (6).
We conclude that in Li, the interval [o, a] is not arguesian (since it contains a copy of F K (6) which is not arguesian). But the interval [o, a] of Li is a sublattice of the interval [0, a] of L, and by Lemma 3 the latter interval is arguesian, a contradiction.
